STABILITY OF CIRCULAR SATELLITE ORBITS IN THE
EARTH'S NORMAL GRAVITATIONAL FIELD WITH
ALLOWANCE FOR THE DIPOLE
MAGNETIC FIELD

PMM Vol. 31, No. 4, 1967, pp. 737-743

Y.G. DEGTIAREYV
{Leningrad)

(Received February 28, 1967 )

Magnetic forces belong to the class of forces which have no noticeable effects on the char-
acter of satellite orbits. They are taken into account in problems on the motion of satel-
lites near a center of mass, but are disregarded in problems on their orbital motion.

On the other hand, in stability studies one is obliged to take magnetic forces into ac-
count, since even very weak ones can give rise to unstable motion. In orbit correction prob-
lems, for example, it is also very important to know which forces have any_marked effect on
the orbits of artificial earth satellites and which forces are practically negligible.

Studies of the stability of circular motions in gravitational fields have been carried out
by (]]hetaev [1], Duboshin [2], Demin [3 and 4], Aksenov, Grebenikov [4], and Degtiarev (s
to 7}.

In the present paper we consider the stability of circular motions in the axisymmetrical
gravitational and dipole magnetic fields of planets. The necessary and sufficient conditions
for stability are derived. In the case of earth satellites it is proved that the eguations of
motion admit only of circular equatorial orbits and that the stability conditions are fulfilled
for such orbits.

1. Formulation of the problem. The equations of motion. Let us con-
sider the motion of a satellite of mass m in the gravitational and magnetic fields of a planet
Qur coordinate system is orthogonal and planetocentric; the z-axis is directed along the
axis of rotation of the planet.

It is assumed that the gravitational axis has an axis of symmetry (the z-axis), i.e. that
the potential of the gravitational field is of the form U = U(p, 2), where p2=x2 + y2,

An artificial satellite is likely to contain current-carrying conductors, batteries, capaci-
tors, electromagnets, etc., all of which can subject.it to magnetic forces. As before, in in-
vestigating the motion of the satellite center of mass we shall consider the satellite as a
point of mass m equal to the total mass of the satellite; this point mass is assumed to carry
the charge ¢ equal to the total charge on the satellite. Then, by the Lorentz formula, the
magnetic force is equal to ec~1[vix H] where V is the satellite velocity vector, H is the meg-
netic field intensity vector, and ¢ is the velocity of li ght. If the magnetic field has the po-
tential V, then H = grad V. For the dipole magnetic field with z-axis we have V = Mz/(p 2+
+22)3/% where M is the magnetic moment of the planet. In the case of the Earth, the tﬂpole
field constitutes the major portion of the magnetic field.

The vector differential equation of satellite motion in the gravitational and magnetic
fields of a planet is of the form

d? e
a6 = grad U -+ = [vxH]

where I is the radius vector of the satellite. In the cylindrical coordinates p, i, z the eq-
uations of motion can be written as
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Here and below a dot in the position of a prime indicates a derivative with respect to

time. Now, replacing the angular velocity i/ * by the doubled sectorial velocity o= p2¢ °*
and taking account of the expression for ¥, we obtain
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Hence, the circular orbits
P = pp = const, z = z, = const, 0 = Gy = Py @ = const (1.2)
are possible if the following conditions are fulfilled:
83 ( au ) koo (po? — 220%) ( U ) 3ksozg
v ——— —_— =0, -_—a ————— 0 (103)
p? T\ o po(pe+ ze)"* 9z o + (po? -+ zo2)*

Circular orbits (1.2) are circles in the plane perpendicular to the axis of rotation of the
planet with their centers on this axis.

The question of which circular orbits are possible in the Earth’s gravitational and mag-
netic fields will be taken up in Section 4.

2. Necessary conditions for stability. Let us derive the stability condi-
tions for circular orbits (1.2), We introduce the following notation for the perturbations:
P = Po + T z =29 + % 0 =0+ 23, p=az, z =1,
Substituting these values of p°, p*, 2z, 2, 0 into Egs. (1.1), we obtain the equations of
perturbed motion,

(Go + 1‘3)’ il (po + 1']20+ 3”2) k (00 + 1‘3) [(P0+ Il)z —2 <7'0 + 12)2]

T et mP T (et o) (P + 1) [(po + 2)* 1 (20 + 2a)2]7
. OU (po -t 21, 204 22) 3k (Go + x3) (20 + %3) (2.1)
BT T 0t [(po + 1) + (z0 + za2I"" '
. 3k (po + 1) (z0 +22) ., K l(po + 71)2 — 2 (20 + 72)?] }
2y = —(po+ =) { [(po + #1)2 + (z0+ za)2]" =t [(po + 1) + (20 + z2)2]7* o

Expanding the right-hand sides of Egs. (2.1) in series in powers of x4, x,, %, %y, %3
and retaining first-order terms only, we obtain the equations for the first approximation of
the perturbed motion,

2 — a2 — Y% — B =0, —yu 7, — Paaxy — Bers =

. . . (2.2)
M + Maa%s + 23 =0
Here
E’L/_ _é_( oU ) 3kao (po? — 22¢%) koy (— 4pot + 13poPzo? -+ 224%)
= ( 9 )o T o0\ %0 ) e (out - 2 po? (pe? + zt)*
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U koo (620> — 9po?) 250 k (po? — 22¢%)
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dpdz po (po? + z2)7 T T g (po? + zo2)t
E __ 3k.'.o . kpo (Poz —_ 2202) . 3kpozzo
T et T b T G o)

The characteristic equation of system (2.2),



Stability of satellite orbits in the Earth’s gravitational field 753

A —oan — Tz — B3
— T A2 —Ba —Ees|=0
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can, with allowance for notation (2.3), be transformed into

A [A — (ap + Bo) A% -+ (aoBo — To?)] =0 (2.4)

_— (9N | 3 [0UN  3koo(pe? —4hz?) Kk (py? — 22022
0= O Mubis = | i )o Po\ 90 Jo  (pe? + 2a2)"t (po® + 207

By =B _ oy 3ksy (pod — 4zy?) 9k2pq2z2 (2.5)
= P2z — Nuln = ( az? )o (po? + zo2)®  (po? + 207

_ _ I a2y 15k6opozo 3k20920 (po? — 22¢2)
To = Tiz — Neab1s = Ya1 — NmE2s = ( 9pdz )0 — (po? + 200) - (Po? -+ z0%)8

For the roots of Eq. (2.4) we have the expressions

Mase= £ Ve (@+Bo) £ Vil +Bof —(@Bo—1), k=0
Let us prove that the necessary conditions for the stability of circular orbits (1.2) are
oy < 0, %ofo — o> >0 (2.6)
We do this by proving that i f at least one of inequalities (2.6) is violated, then solution

(1.2) is unstable. If ayB, — ¥, 2< 0, then regardless of the sign of a, characteristic Eq.
(2.4) has the positive root

A=+ V2 (co+ Bo) + V(o + B — (doBo — To®)
If, on the other hand, ay> 0 but ayBy — yo2 > 0, then 3y > 0 and there exists the posi-
tive root

A=+ V2 (00 +80) + Va (% — Bl T 1)

The case ao=£° = ¥o = 0 will not be considered. Now, by Liapunov’s theorem on insta-
bility rBT, if the characteristic equation has positive roots, then solution (1.2) is unstable
on the basis of the first approximation.

3. Sufficient conditions for stability. These conditions will be obtained

by considering the complete equations of perturbed motion (2.1). These equations admit of
the existence of the first integrals, i.e. the energy integral F; and the area integral F,,

1 2 2
F1= 5 [11'2 + m—z))s + xé"] — U (po -+ 21, 20 + %2) — zc:)oa -+ U (po, 2% = const
Fo—=1u3 i (po - xl)z + kpoz = const (3.1)

T Ueo+ =)+ (o @™ T (po? +- 20y
Let us investigate stability by Liapunov’s second method [8]. Following Chetaev[1], we
construct the Liapunov function as a linearly quadratic sheaf of the first integrals (3.1),

o]
W:Fl—p—(:;-Fz—+—AFgﬁ

where A is a still undetermined quantity. Expanding W in a Maclaurin series in the variables
%y, %1, %9, % X3, making use of (1.3), and retaining second-order terms in Xyy X, X, gy
%3, we obtain
W =122 + Y232 + 1y [— az)? — Bxe? + (pg 2 + 24) 792 —
— 277173 — 287103 — 21u7a7g) 4 . . .
oty 3 /oU ko ¢ 1+ 8pg22¢2 — 8zqt
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pbi—e b= (), e (3.3)
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(3.2)
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But since W "= 0, the function W satisfies the conditions of Liapunov’s stability theorem
provided W > 0. For sufficiently small perturbations x,, x,, x{, x,, the sign of ¥ is deter-
mined by the sign of the quadratic form appearing on the right-hand side of (3.2); the latter
is in tumn positively defined (by virtue of the Sylvester criterion) if the principal diagonal
minors of the matrix

—a —7 —£
—1r —B — "Nz
—& —m 24+ ||

are positive. This yields the three inequalities

a <0, af —y2>0 (3.4)
24 + o¢7%) (@f — y?) +an® — 2y8n. 4- PS>0 (3.5)

It can be proved that (3.4) are fulfilled if the inequalities
a; < 0, ofy — 12 >0 (3.6)

are fulfilled.
In fact, if we take A > 0, then &, > O and the second inequality of (3.4) follows from the
first. The second inequality of (3.4) can be written as
@B — 1% — (@B + @oBy — 2y1v2) > 0 (3.7
(sin7c)e a, B, —¥,2= 0. Taking account of notation (3.3), we can rewrite the second term in
3.7) as

24 (pozk:go:oz)s [9pe®20? (— 1) — 2-3poZo (2202 — p02) 71+ (2202 — po?)? (— B1)]

It is clear from this that the latter expression is positive if (3.6) are fulfilled; hence,
(3.6) imply (3.7) and therefore the second inequality of (3.4).

Now let us consider inequality (3.5). After a series of transformations (in the course of
which the terms with A2 and 43 drop out) this inequality can be written as

24 [(@1B; — 118 — po~? (@2°By + 2B2® — 29.°ys) — B2°8® — 2(v1E8ima° + B18aEe”)] +-
+ o2 @By — 12 + BEE >0

Clearly, we can chocse an A > 0 so large that the latter inequality is fulfilled if the ex-
pression in square brackets is positive.

Thus, the conditions of positive definition of the function ¥ (the sufficient conditions
for stability) reduce to the three inequalities

o, <0, oyfy — 7,2 >0
(@By — 7% — po® (@2"By + @1By° — 29475°) — 2 (7iEume® 4 Bibae®) — Be%Es2 >0 (3:8)

We note that when the sufficient conditions for stability are fulfilled, solution (1.2) is
stable with respect to the quantities p, p, 2, z°, 0, Y¥'. As regards the angular variable 1/,
however, the circular orbits under consideration are unstable, since i/ is a cyclic variable,
This means that a satellite in perturbed motion travels along an orbit which is nearly circu-
lar, although its angular distances {/ can differ substantially from those characteristic of
unperturbed motion.

The above stability conditions are valid for the circular orbits of satellites moving around
planets with axisymmetrical gravitational and dipole magnetic fields.

4. Circular orbits of artificial Earth satellites. The potential of the
gravitational field of the terrestrial ellipsoid (i.e. of the Earth’s normal gravitational field)
is approximated quite closely by a certain specially chosen potential. We shall make use of
an approximating potential of the form proposed by Aksenov, Grebenikov and Demin [9],

(i=vV—1)

» 1
v= 2 [Vp“—i—(z—-id)2 + VPZ+(Z+M)2]
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Here y is the gravitational constant (it = 3.98602x 105 km 3/sec2)[10] and d is the
Earth’s compression characteristic (d = 210 km) [9].

Despite the fact that the Earth’s magnetic axis does not coincide with its gravitational
axis, the terrestrial magnetic field is approximated well by the field of a dipole. The Earth's
magnetic moment M is equal to 8.3 x 10 25CGSu[11].

Proceeding from the expression for the potential of the Earth’s normal gravitational field
and recalling the fact that o5= Po3w, we can write Eqs. (1.3) for the circular motions of a
satellite in the form

1 1 k@ (po? — 2702)
w2 — L { 3 + 3 } N )
2 Ulpe + (20— id)]" 7 [pg? + (o +idp1"* [ T (o2t 2o?)™ (4.1)
o 20— id 2o+ id } 3kwpy?z, .
2 { [po? + (20 — id)2] " e+ (zo+ id)2l™ | T (pg? + 2g2)"*

It is clear that py2 + 2,2 =7, 2> R2, where R = 6378,16 km [10]. What are the possible
values of the ‘“‘magnetic coefficient’’ k = eM/cm for motion in the Earth’s magnetic field?
For any body the value of the specific charge e/m cannot exceed e/m = 1.76 x 107 CGSp
per gram of electron mass, since all electrization occurs through saturation by electrons or
heavier ions, Hence, substitating into the expression for k the value of the Earth’s magne-
tic moment M and the velocity of light ¢ = 3 x 1010 cm/sec, we find that 0 Lk <k,
where ko, = 4.8693 x 1022 ¢m 3/sec = 4.6893 x 107 km3/sec.

Let us turn to the analysis of Egs. (4.1). It is clear that for z, = 0 (equatorial orbits)
the second of Eqs. (4.1) is fulfilled; fulfillment of the first of these equations can be guar-
anteed by the proper choice of @ and py. However, for 2y # 0 in the real case (rg > R, 0
<k <k_,..) Egs.(4.1) are not fulfilled, i.e. other circular orbits are impossible,

Let us prove this. Reducing by z, in the second of Egs. (4.1), we can obtain

B (pg? + 2,2)7t { 1—zylid n 14 z,70id } (
T2 ket e+ o WPIT | [+ (2o Pl 2
The first of Eqs. (4.1) together with the second one can be transformed into
(o2 + 20" 2 %o Upd+(z0—id2|*  [pg?+ (20 id2)l2 }_ (4.3)

Introducing the complex notation

1
[po* +- (20 +- id)2) "
we can write Eqs. (4.2) and (4.3) in the following form:
_<p02+z02)’/'( b L) ( _aVita—buVi-a ) (4.49)
o= 3kpo? we +p 2o a= BYy?2

=a+ib

k d —b yi — l—
m’—-—im—,/-{-pb——zo (b: 1 + a; _a1V 01)
(po? + 209" % B V2
ay == 0o - 25— d?, by = —2zyd, 1="Vag2+ b (4.5)
It is clear that
ub d/z >0 (4.6)

This inequality is self-evident for Zy <0, while for zy > 0 it follows from the inequality

1—G/ap< Vit (bi/ar}
Inequality (4.6) makes it possible to obtain from Egs. (4.4) the inequality

. k
(oa? + 261)" 2% 2kmax
©> _O-Ekpog ke ©< (po? + z2)* <& (4.7)

If Zo > 0, after some transformations and elimination of positive terms, we obtain the
following expression from (4.7):

" & d > B a 2\
o> 3 V3% (1 T pe? ‘0’) (i + 4(Po"-i— zoa)_n/‘) >3 ViKmax<1 B H2) <1 i R(ZAB 8)

For Z, < 0, we find from (4.7) that
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o dz d { d2 -8/,
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B (B AN
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Substituting in numerical values of u, d, R, K_ __, we see that inequalities (4.8) and
(4.9) contradict the second inequality of (4.7). Since all of our inequalities were derived

from Eqgs. (4.1) under the assumption that z # 0, this contradiction indicates that circular
orbits are impossible for z, # 0,

5. Stability of circular equatorial orbits of artificial Earth sat-
ellites. For zy = 0 the second of Eqs. (4.1) is fulfilled, while the first becomes

ko _ W -
@24 Pos (Po"—i' d’)l/’ 0 (5.1)

This equation enables us to obtain two groups of values for w,

k k2 B h k L B h
=7t (’%’ Tl ds)"') C T TS (w T (pe? — d*)'/')
Clearly, w; > 0, @3 < 0, which corresponds to the motion of a satellite along a circular

orbit in the direction of the Earth’s rotation and in the opposite direction, respectively.
The necessary stability conditions (9) for circular equatorial orbits are of the form

B(pe? —4d?) | 3k bips? +dY)  3ko

+ >0 (5.2)
— t+ — .2
(o —ayr  w L m ga—ay P
These inequalities can be sufficient conditions if we add to them the inequality
2 __ 4d3 k
M — l> 0 (5.3)

(= PP
Let us investigate the sufficient stability conditions. If @ = @, > 0, then the first of in-
equalities (5.2) is fulfilled, while the second inequality and inequality (5.3) can be trans~
formed into

B (po? + 47) 3kt 3k [ K mn Yy
2= i —dy T2 e \ B T pa—an) (5.4)
Bl oty k(B ey s
L (pg® — dz)“/x 208 po® \&pg? + (g — d“‘)'/’ ) >0

If = w, <0, then the second of inequalities (5.2) and inequality (5.3) are fulfilled,

2 — 4d2 k2 3k [ k2 i
(D3=P‘(i‘—7)—.—?“—3 2+-———L—r) ’>0
(P2 — d®)’s 200 po® \ 4o (po? — d2)72
Thus, investigation of the stability of circular equatorial satellite orbits has been redu-
ced to the analysis of inequalities (5.4) to (5.6). Let us estimate the quantities @,,

e | Bk [ dnp \] _
®1= ot —ans T 2t [1 - (1 T <¢»02~d2>”') ] =

-t [902+d2 _ 6 >
(po* — a2 LPo* — % 4 (4 + dppo/RH(pe? — %) )"']

(5.6)

. 6
3 1 ¥
> e AT R ) ]

R S 2
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>k [ 3 2
e L e e L "'J
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0 = oy ey - - a_=a
= e — e T W\ ey 2p0”



for
positive quantity (p,2 — d2)3
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1) [ 3d? 2 2Kmax

—— |1 - - ;
(po?—a | R —d? 1+<1+4pzzs/;cgm>%] (po* — a2y’ R?

>

On substituting i, R, d,+k2 ., into the expressions in square brackets in the estimates
®, and ®,, we see that (I)} >0, &> 0. We can do the same for Dy, first bringing the

2 outside the square brackets. Thus, the sufficient conditions

for the stability of circular equatorial orbits are fulfilled.

1.
2.

3.
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